INTRODUCTION
The concept of surface (excess) viscosity associated with contaminated gas/liquid interfaces dates back to Plateau (1) , and the formal notion of surface viscosity from geometrical and dynamical considerations of an interface characterized by its static equilibrium tension (thermodynamic interfacial tension), , and its viscous resistance to motion was expounded by Boussinesq (2) . In Boussinesq's treatment, in addition to the surface tension, the interfacial stress is a function of two other intrinsic properties of the interface, the surface shear viscosity, s , and the surface dilatational viscosity, s . Scriven (3) generalized the mathematical description of the mechanics in Boussinesq's treatment and also allowed for time-dependent deformation of the interface. These works have resulted in the formulation of a constitutive relationship for a Newtonian interface, i.e., an interface for which the relationship between the viscous part of surface stress and the surface rate of deformation is linear and the surface shear and dilatational viscosities are independent of the deformation rate, the Boussinesq-Scriven surface model. It is generally recognized that the surface shear and dilatational viscosities are intrinsic to the interface and have a functional dependence on the thermodynamic state of the interface, in particular on the surfactant surface concentration c, and must therefore vanish for c 3 0. Yet, most analyses of interfacial flows only include constant surface viscosities, the so-called constant property formulation. Thus, these models are only valid in systems that can be linearized about an equilibrium state and only the leading order effects of the surface viscosities can be accounted for.
Presently, there are several methods available for the measurement of surface shear viscosity, most of which involve a rotating container of liquid along with some stationary boundaries. Among these, the deep-channel viscometer (4) is widely accepted as the most sensitive and accurate means for measuring s at a given c (5) . In this technique, the surface shear viscosity is computed simply from the ratio of the speed of a small seeding particle placed on the interface in the center of an annular region, with and without surfactant on the interface. Jiang et al. (6) have reported consistent measurements of the surface shear viscosity of a given surfactant system using a variety of different techniques. On the other hand, the measurement of surface dilatational viscosity is not straightforward and there are many different approaches to its measurement with widely varying results. Although qualitative agreement has been obtained for a given surfactant using two different techniques (7) , there are large discrepancies in the values of the dilatational viscosity at each surfactant concentration, relative differences on the order of 10 5 . It has been conjectured that these discrepancies result from a dependence of s on the surface dilation rate, which was significantly different in the two techniques. However, this is inconsistent with the basic premise of a Newtonian interface for the Boussinesq-Scriven surface model, which was utilized in both techniques. It should be noted that the comparison in Kao et al. (7) was between a technique that assumed the constant property formulation for an interface far from equilibrium and another technique that made a quasistatic approximation for a process operating at a cycle rate of order 10 kHz.
There are measurements that suggest that the surface dilatational viscosity may be several orders of magnitude larger than the surface shear viscosity at a given surfactant concentration (8 -12) and that both may be of the same order or larger than the viscosity in the bulk multiplied by the pertinent length scale of the bulk flow. Thus, accurate measurements of s based on the Boussinesq-Scriven surface model, without the simplification of constant surface viscosities, are desirable. Descriptions of existing approaches for measuring surface dilatational viscosity are presented in the following section.
PRESENTLY USED TECHNIQUES TO DETERMINE THE SURFACE DILATATIONAL VISCOSITY
To measure the dilatation viscosity, the presently available methods include the maximum bubble pressure method (7, 12) and oscillating bubble techniques (13) (14) (15) . These techniques primarily rely on changes in the surface area of the interface with relatively negligible surface motions. The theories on which the techniques are based are developed in the limit of Stokes flow, where the nonlinear convective terms are negligible compared to the viscous terms. Most are also linearized about an equilibrium state, thereby neglecting variations of the surface viscosities with surfactant concentration. The approximate functional dependence of s on the state of the interface is obtained by measuring s at different surfactant bulk concentrations and then, by assuming various equilibrium models of the transport kinetics, the equilibrium surfactant surface concentration is estimated. However, these theories are strictly only valid for systems not far from equilibrium. These techniques are also complicated by surface dilatational elasticity (Gibbs elasticity) effects when there is change in the surface area due to the expansion (and contraction) of the bubble radius and subsequent transport of (soluble) surfactant between the interface and the bulk. Unless the intrinsic surface dilatational viscosity s is large (e.g., s Ն 1 g/s is the estimated limit by Johnson and Stebe (13)), these techniques cannot accurately determine s due to the masking effects of Gibbs elasticity, unless, as in the case of the maximum bubble pressure method, the expansion rate of the interface is very large and the surfactant behaves essentially as an insoluble monolayer. Furthermore, Lu and Apfel (16) and Jiang et al. (17) explicitly set the interfacial viscosities to zero as they assume that the intrinsic viscous effects will be smaller than the Gibbs elasticity in the range of concentrations considered in their oscillating bubble analysis and electrocapillary wave techniques, respectively. However, their estimates are based on the constant property formulation and the use of particular transport kinetics models.
Apart from the drop deformation methods and the maximum bubble pressure method, measurements of the surface dilatational viscosity have been performed using surface wave methods (5). Since only a small change in the surfactant surface concentration occurs as a result of linear transverse waves, i.e., small-amplitude capillary and capillary-gravity waves, these are generally not very sensitive for the measurement of the intrinsic surface viscosities. Instead, longitudinal waves are utilized in which the amplitude and the phase of a wave generated by the slow (horizontal) movement of a surfacepiercing barrier is studied (8, 11, 18) . These techniques are related to the approach of Hirsa et al. (19) , who utilized an ascending pair of vortices to produce an unsteady surface flow, since in both cases the interfacial geometry remains unchanged and essentially flat as it is being stretched or compressed.
All the approaches involving bubbles and drops for determining s can only be applied in unsteady processes since they utilize the normal stress balance; if the interface were stationary then the normal stress balance would simply be a hydrostatic balance and s would not be involved. These techniques are only applicable for soluble surfactant systems. This restriction is due not to limitations on the theory, but rather to the practical problems of depositing an insoluble surfactant at the desired concentration level on a bubble, or forming (blowing) a bubble or drop with the desired interfacial state. However, these techniques have the advantage of providing s , unlike the longitudinal wave methods and the vortex pair method which are planar and only provide the combination ( s ϩ s ), thus requiring an independent measure of s at the same thermodynamic state of the interface to determine s . All the present techniques for determining s utilize unsteady processes, whereas most techniques for determining s involve steady flows, and all the techniques for measuring s and s that utilize the tangential stress balance are based on the constantproperty formulation.
The present approach for measuring s (c) and s (c) is to utilize the deep-channel viscometer apparatus ( Fig. 1) , which until now has been used to measure s at a given surfactant concentration, and directly determine s and s by measuring the terms in the tangential stress balances resulting from the Boussinesq-Scriven constitutive relation without assuming that the viscosities are constants. The terms in the stress balance can be determined by measurements of the flow field, performed using noninvasive techniques, such as digital particle image velocimetry (DPIV, e.g., see (20, 21) ) or laserDoppler velocimetry (LDV, e.g., see (22)), and measurements of surfactant surface concentration c. The surfactant surface concentration can be measured directly using nonlinear optical techniques such as second-harmonic generation (SHG, e.g., see (20, 23, 24) ). The surfactant surface concentration can then be used to determine the corresponding thermodynamic surface tension, as demonstrated recently by Hirsa et al. (19) and Judd (25).
CONSTITUTIVE RELATION AND THE STRESS BALANCE AT THE GAS/LIQUID INTERFACE
Scriven (3) and Aris (26) give an account of the force balance at the interface: acceleration or inertial force ϭ body force ϩ surface tension gradient ϩ viscous resistance to dilation ϩ viscous resistance to shear ϩ force due to intrinsic curvature ϩ force due to movement of the surface.
Here, we are principally interested in determining how the presence of surfactants plays a role in this balance, and as such, we are not interested in the effects of externally imposed body forces. In this formulation, we shall first develop the theory within a framework where the interface is flat. Later, we shall include the effects due to the intrinsic curvature and the motion of the surface as a small perturbation in the interfacial stress balance. We begin our treatment of the interface by considering the Boussinesq-Scriven surface fluid model for a Newtonian gas/ liquid interface (2, 3, 27) , where the surface stress tensor is
and the viscous part of the surface stress tensor, S s , is described as a linear function of the surface rate of deformation tensor
In this constitutive equation, s is the surface dilatational viscosity, s is the surface shear viscosity, is the thermodynamic (equilibrium) surface tension, u s is the surface velocity vector, div s is the surface divergence operator, ٌ s is the surface gradient operator, and I s is the tensor that projects any vector onto the interface.
The surface stress, , can then be expressed as (27) 
The components of tangential to the interface must be balanced by the corresponding components of the stress from the bulk flow at the interface. We make use of the fact that there is no slip at the interface so that the tangential components of velocity are continuous across it. Also, we impose that the flows on the interface and in the bulk are axisymmetric and that the interface coincides with the plane z ϭ d of the cylindrical coordinate system (r, , z), with an associated bulk velocity vector u ϭ (u, v, w), and on the interface the surface velocity vector is u s ϭ (u, v). The stress balance in the azimuthal direction gives
and in the radial direction
where is the (shear) viscosity of the bulk liquid.
Equations [1] and [2] constitute the interfacial tangential stress boundary conditions for the coupled interfacial/bulk flow. These equations represent the balance of forces on a surface element resulting from viscous traction or shearing stress from the bulk, surface tension (or surface pressure) gradients, and surface viscosity effects. It is noteworthy that the condition on v does not include any surface tension gradient or surface dilatational terms, only surface shear viscosity terms.
The use of swirling axisymmetric bulk flows with a flat interface is well established for the measurement of the surface shear viscosity s (e.g., see (5)). The principle behind the most sensitive of these techniques, the deep-channel viscometer (4), is that Eq. [1] only has surface shear viscosity terms, and if the bulk flow in the deep-channel viscometer is in the Stokes flow regime, implying that the rotation rate of the viscometer's floor is slow (Շ1 rpm), then the secondary flow (u and w) decouples from the primary flow (v), and only Eq. [1] needs to be considered on the interface. In this limit, a simple relationship is arrived at between the surface shear viscosity, the bulk fluid viscosity, geometric parameters of the viscometer, and the azimuthal component of velocity v. However, in the Stokes limit, which allows such an analysis, the effects of surface dilatational viscosity are not manifested, since in this limit u and w vanish and all the terms in Eq. [2] are identically zero.
If one relaxes the constraint of Stokes flow, then the advantages of axisymmetric swirling flows for the determination of both s and s become apparent in light of Eqs. [1] and [2] . Of course, the governing equations are now nonlinear. There is a coupling between the primary and the secondary flow, and a simple analysis is no longer possible. The effects of the secondary flow have been noted to become important in deepchannel viscometers, with typical dimensions and water as the bulk fluid, when the rotation rate of the floor exceeds about 2 or 3 rpm (28) . However, with the recent developments in experimental methods for the direct measurements of surfactant surface concentration and flow velocity (19, 20) , all the surface tension and surface flow terms in Eqs. [1] and [2] can be directly measured. Thus, two ordinary differential equations in s and ( s ϩ s ) result that are straightforward to integrate.
DETERMINATION OF THE INTRINSIC SURFACE VISCOSITIES
Equations [1] and [2] give the tangential stress balance at the interface; these include contributions from the surface tension gradients and the viscous resistance to shear and dilation. 
where a i (r) and b i (r) are "known" (i.e., directly measured to within sharply estimated error bounds) functions of r. Specifically,
For appropriately chosen parameter ranges, the secondary flow in the bulk can produce a surface flow directed radially inward that will clean the surface (i.e., drive c 3 0) in the neighborhood of r ϭ r o , as schematically illustrated in Fig. 1 (5) . One of the most significant advantages of utilizing the nonlinear optical technique of second-harmonic generation for surfactant measurements is that the SHG signal is generated in the top molecular layer, and thus the technique is extremely surface selective (23, 24) . Therefore, the SHG technique may also be utilized to make direct measurements of the equation of state for soluble systems. Since the flow is steady and we can directly measure the surface concentration c(r), the technique described here for measuring both s and s is not restricted to insoluble surfactants, as was the case in Hirsa et al. (19) (due to the unsteady nature of their flow), but it is also applicable to the general case of soluble surfactants.
ANALYSIS OF THE REQUISITE EXPERIMENTAL FLOW PARAMETERS
To apply the technique of Section 4, the flow must be steady and have a sufficiently strong secondary flow so that at the surface, the radial velocity is strong enough to drive the interface away from its uniform distribution of surfactant. The assumption in the theory for using the deep-channel viscometer to measure s is that if ⍀ is sufficiently small, then the secondary flow will be negligible so that the radial surface velocity is essentially zero, and hence there are no surfactant surface concentration gradients and Ѩ s /Ѩr is zero. Experiments suggest that an ⍀ corresponding to about 2 to 3 rpm is an upper limit (28) . Here, we give results from time-dependent axisymmetric Navier-Stokes computations for the deep-channel viscometer geometry in Fig. 1 , where we establish the ⍀ limit of Stokes flow, and determine the maximum surface radial and azimuthal velocities over a wide range of ⍀.
The governing equations for flow in the deep-channel viscometer are the axisymmetric Navier-Stokes equations, together with the continuity equation and appropriate boundary and initial conditions. It is convenient to write these using a dimensionless cylindrical polar coordinate system, (R, ⌰, Z), where r o is the length scale and 1/⍀ is the time scale. The corresponding nondimensional velocity vector is V ϭ (U, V, W) and vorticity vector is curl(V) ϭ (, , ). For axisymmetric flow, there exists a streamfunction, ⌿, such that U ϭ Ϫ1/RѨ⌿/ѨZ and W ϭ 1/RѨ⌿/ѨR. This form of the velocity automatically satisfies the continuity equation.
It should be noted that since the flow is axisymmetric with swirl, it depends only on two spatial coordinates, but consists of velocity components and vorticity components in three orthogonal directions. This should be contrasted with planar two-dimensional flows and axisymmetric flows without swirl, where the velocity vector has only two components and the vorticity vector has only one and is everywhere normal to the velocity. All the techniques previously used to determine s (see Section 2) utilized flows which fall into the latter category. The essential mechanism that we exploit to decouple s from s in the tangential stress balance is the bending of vortex lines at the interface. An example of vortex line bending due to surface shear viscosity was observed experimentally by Hirsa et al. (30) . In planar two-dimensional flows and axisymmetric flows without swirl, this mechanism is not present, and so the right-hand side of Eq. [1] is identically zero, regardless of the value of s , and only Eq. [2] is dynamically relevant. In the constant-property formulation that is commonly used, Eq. [2] contains viscous effects only in terms of the sum ( s ϩ s ). When the right-hand side of Eq. [1] is different from zero (in particular when s 0) in our axisymmetric flow with swirl, it means that the vortex lines are meeting the surface at some angle different from 90°, and so the two equations, one in terms of s alone and the other in terms of s and s , are both dynamically relevant and the two viscosities can be solved for separately.
The nondimensional axisymmetric Navier-Stokes equations are
Re ϭ ⍀r o 2 / is the Reynolds number, ϭ / is the kinematic viscosity, is the fluid density, and ⌫ ϭ RV.
The boundary conditions for the flow in the deep-channel viscometer with a clean, flat surface are as follows: on the stationary cylinder walls (R ϭ r i /r o and R ϭ 1), ⌿ ϭ 0, ⌫ ϭ 0, and ϭ Ϫ1/RѨ 2 ⌿/ѨR 2 ; on the rotating floor (Z ϭ 0), ⌿ ϭ 0, ⌫ ϭ R 2 , and ϭ Ϫ1/RѨ 2 ⌿/ѨZ 2 ; on the flat, stress-free surface (Z ϭ d/r o ), ⌿ ϭ 0, Ѩ⌫/ѨZ ϭ 0, and ϭ 0 (this condition neglects the viscosity of air). The initial condition corresponds to a state of rest, and at t ϭ 0 the floor is impulsively set to rotate at ⍀ rad/s; this rate is nondimensionally measured by Re.
The above governing equations are solved using a secondorder finite-difference technique in time and space that has been used extensively on related problems without the inner cylinder, i.e., for r i ϭ 0 (31-39) .
We utilize the Navier-Stokes computations to determine the parameter space for the experiments. We begin by comparing with a well-established experiment and the Stokes flow theory presented by Mannheimer and Schechter (4) .
In (4) Simple considerations of the vortex dynamics indicate that there must be a secondary flow at any finite Re (e.g., (28) ) and that the strength of this secondary flow scales linearly with Re. In Fig. 2 , we compare the results of Mannheimer and Schechter with that from our Navier-Stokes computations for the same flow parameters. We should note that the Navier-Stokes computations predict a slightly larger (Շ1%) azimuthal velocity in the middle of the annulus. A major contribution to this difference is the secondary flow which produces a radial velocity at the surface with a maximum of about 2% of the azimuthal velocity on the surface and is directed radially inward. This radial inflow at the surface convects fluid, which is rotating, from large radius to small radius, and by conservation of angular momentum (⌫ ϭ RV), the azimuthal velocity increases. This secondary flow is neglected in the Stokes flow theory, resulting in a smaller estimate of V. A second factor contributing to the difference between the Navier-Stokes computations and the Stokes flow theory is the drag due to the viscosity of air, which is neglected in the Navier-Stokes computations but included in the Stokes flow theory. However, in this case the ratio of the liquid to gas viscosities is 190:1, so this contribution is an order of magnitude smaller than that due to the secondary flow for this Re.
In addition to requiring a steady, axisymmetric flow with an essentially flat surface to apply the technique of Section 4 to determine both s and s from direct measurements of the flow in a deep-channel viscometer, we also require that the radial velocity on the surface be sufficiently large compared with the azimuthal velocity. This is needed to produce nonzero terms in Eq. [2] . In the Stokes flow limit, the nondimensional azimuthal velocity is independent of Re and the secondary flow scales linearly with Re. Computations corresponding to the geometry of the deep-channel viscometer in Fig. 1, specifically r Figs. 3 and 4 , we present computational results that show how the maximum values of V and U on the surface, V max and U max , respectively, vary with Re. It is apparent that V max is independent of Re and that U max scales linearly with Re for Re Շ 200, this being effectively the limit for Stokes-like flow behavior in this geometry. For Re Ͼ 200, the nonlinear interaction between the primary flow (V) and the secondary flow (U and W) becomes dynamically important. In particular, we note a logarithmic dependence of V max on Re. This is caused by the radial velocity advecting fluid on the surface radially inward while conserving its angular momentum and thus increasing its azimuthal velocity. We observe that this effect begins to saturate at Re Ϸ 10 3 , as further nonlinear interactions alter the flow dynamics. Figure 5 shows the ratio U max /V max as a function of Re. At Re Ϸ 10 3 , this ratio is about 0.3; the maximum radial velocity is about one-third the maximum azimuthal velocity. The radial velocity for Re Ͼ 10 3 is strong enough to drive any surface concentration distribution from its equilibrium (uniform) distribution. Of course, the presence of surfactant material can be expected to reduce U max . But our experience with similar flows (37, 39) indicates that the surface velocities will remain adequate.
The above calculations provide guidelines for the selection of parameters for a physical experiment, namely, the rotation rate needed to produce a sufficiently strong secondary flow, and at the same time avoiding the onset of hydrodynamic instability which will occur if the rotation rate is too large. A deep-channel viscometer with outer radius r o ϭ 10 cm, water depth d ϭ 2 cm, and a gap (r o Ϫ r i ) ϭ 2 cm provides adequate access to the flow region to be interrogated using optical techniques. The Re required to achieve the desired flow regime for this geometry is Re Ϸ 10 3.5 . This translates to a rotation rate ⍀ Ϸ 0.3 rad/s (Ϸ3 rpm). It should be noted that to achieve this Re in a typical deep-channel viscometer, with r o ϭ 5 cm, would require a rotation rate of 12 rpm.
GENERALIZATION TO ALLOW FOR SMALL DEFORMATIONS OF THE INTERFACE
For the experimental apparatus ( Fig. 1) , we can estimate the range of surface deformations by considering the operational range of the governing parameters. The Froude number squared is an estimate of the ratio of surface deformation length scale to the inertial length scale of the flow. In the operational range of the deep-channel viscometer determined in Section 5, the Froude number Fr ϭ R⍀/( gd) 1/ 2 ϳ 0.06, where g is gravitational acceleration. Thus, the surface deformations will be less than 4 ϫ 10 Ϫ3 times the radius of the outer annulus with a clean surface. So the expected deformations are certainly small enough to allow us to consider only first-order effects.
Deformations of the interface contribute to the overall force balance which determines the interfacial stress boundary conditions; these consist of a force due to the intrinsic curvature of the interface and another due to its motion. When the interface is flat, its stress balance is given by the tangential components. When it is deforming, the normal stress balance also becomes dynamically important.
In the limit of small deformations, we treat the surface normal as being the normal to the (flat) nondeformed surface, so that to first order, the tangential stresses in the interface (from ) remain the same as in the flat surface case. The component of the rate of deformation tensor for the bulk flow that balances the radial stress in the interface is now (Ѩu/ 
